Abstract -We analyze multipartite entanglement in systems of spin-
In quantum many-body systems multipartite entanglement is a key feature. It plays a central role in a broad variety of physical processes and occurs in various physical systems. In quantum information processing it facilitates quantum computation (e.g., Ref. [1] ), enables multiparty cryptography (e.g., Refs. [2, 3] ) and quantum algorithms (e.g., Ref. [4] ). It appears in quantum phase transitions (e.g., Ref. [5] ) and ionization procedures (e.g., Ref. [6] ). Recently even biological systems have raised questions as to whether multipartite entanglement might be responsible for their astonishing transport efficiency (e.g. Refs. [7, 8] ). The structure of multiparticle entanglement is however far more complex than the well studied bipartite case (for that see e.g. Ref. [9] ). Only recently first tools have been developed to answer the question of whether or not a given multi-body quantum state exhibits multipartite entanglement (see, for example, Refs. [10] [11] [12] [13] [14] [15] [16] ). Further progress was made on experimentally implementable criteria in multipartite systems, first for many qubits in (a) E-mail: marcus.huber@univie.ac.at (b) E-mail: pmxnf@nottingham.ac.uk (c) E-mail: andreas.gabriel@univie.ac.at (d) E-mail: christoph.spengler@univie.ac.at (e) E-mail: beatrix.hiesmayr@univie.ac.at
Refs. [17] [18] [19] and then for arbitrary higher dimensional systems in Refs. [20, 21] . These criteria answer the question whether multipartite entanglement is present, but it is known that there is a lot of structure beyond merely being entangled. It was shown that there exist several inequivalent ways in which multipartite systems can be entangled (see e.g. Refs. [22] [23] [24] [25] ). Questions concerning the number of such entanglement classes and their classification remain unanswered in general. Furthermore, the possible physical implications of these entanglement classes is not fully understood, and addressing this issue will serve as a motivation for this letter. Before we continue to discuss relativistic entanglement let us first briefly review the formal definition of genuine multipartite entanglement in a finite dimensional Hilbert space. Any n-partite pure state that can be written as a tensor product Studying entanglement in a relativistic framework takes quantum information one step further. In a relativistic setting many new features appear which are not present in a non-relativistic framework. Although a self-contained description of relativistic quantum information has not yet been formulated, the identification of observer independent quantities ought to be crucial to such an endeavor. It has been shown that the entanglement between the spins of two particles is not Lorentz invariant (see e.g. Refs. [26] [27] [28] [29] [30] [31] [32] ). In a more general approach, taking into account not only the spin entanglement, but also the momenta of the relativistic particles, it has recently been shown, that in bipartite systems Lorentz invariance of entanglement can generally only be claimed for the Hilbert space partition into individual particles (for details see Ref. [33] ). The entanglement in other partitions is observer dependent (i.e. it can be transferred between them). The effect of relativistic entanglement transformation is not limited to only systems of two particles. In this paper we show that in a relativistic multi-particle setting the different classes of multipartite entanglement are indeed observer independent. We also provide a general framework to identify which conditions have to be met by a possible classification of multipartite entanglement in order to be Lorentz invariant. Furthermore, we show how the entanglement in different partitions changes through Lorentz transformations, while it is preserved for the partition into individual particles, which is thus singled out naturally. We first start with an illustrative example of a genuinely multipartite entangled system of three spin-1 2 particles, observed from two different reference frames. We then discuss in detail the effect of Lorentz transformations on the entanglement of this exemplary system. Finally we prove that the results also hold in a general setting. Let Alice, Bob, and Charlie be inertial observes, resting in a common frame of reference, who share a quantum state which is separable between spins and momenta
where |ψ mom is the state of the momenta and |φ spin is the state of the spins. Let us further assume that they share a multipartite entangled spin state, e.g. the well known GHZ state
with which they want to perform a quantum protocol (e.g., quantum secret sharing as in Ref. [3] ). Now a rela- 
The Lorentz boost to Robert's frame induces Wigner rotations of the spins, i.e. for a separable momentum state the state (2) is transformed to
where
are local unitary operations on the spin vector, and the Wigner rotation angle δ is given by
where η and ξ are the rapidities corresponding to the velocities u of Robert and v of the three particles relative to Alice's, Bob's and Charlie's frame of reference, given by tanh η = u and tanh ξ = v (for more details on Wigner rotations consult e.g. Refs. [33, 34] ). The assumption of sharp momenta, which is a common approximation (see, e.g., Ref. [28] ), allows us to apply a single Wigner rotation for each particle momentum. 
where Π i denotes a permutation of p A p B p C (an even permutation for even i and an odd permutation for odd i) and the sum is taken over all possible permutations. In this case the spin state transforms as
where ρ spin = |φ spin φ spin | and Λ denotes the appropriate representation of the Lorentz transformation. Equivalently to the bipartite case the spin state becomes more mixed and entanglement decreases as we have plotted in detail for our example state in Fig. 2 . In a more general setting of unsharp momenta, the sum would have to be replaced by an integral and the coefficients α i would be exchanged with an appropriate distribution function in momentum space, (implicitly) containing all additional information about the state (e.g., position and orbital angular momentum). Now it is evident which further condition has to be met for a classification in order to be observer independent:
Any convex combination of local-unitarily equivalent pure states defines a Lorentz invariant class of genuine multipartite entanglement.
To prove this condition it is sufficient to look at the most general setting and work out which Wigner rotations the |Πi(pApBpC) ⊗ cos(α)| ↓↓↓ + sin(α)| ↑↑↑ . This inequality detects genuine multipartite entanglement and is maximally violated by the GHZ state with an arbitrary phase α. This can be seen for the two points maximally violating the inequality, which correspond to the standard GHZ state and the same state with an extra relative phase of π. The plane corresponds to equality and the area above this plane is detected to be genuinely multipartite entangled. The absolute value of violation of this inequality gives a lower bound on a measure of genuine multipartite entanglement, which is tight for all pure GHZ states (for details see Ref. [35] ). This figure visualizes how the amount of genuine multipartite entanglement decreases as a function of δ.
Lorentz boost induces. The most general state in the resting frame may be an arbitrarily mixed state:
In this case the state of the spins is given by
If we look at the state from a perspective from which a Lorentz boost induces a Wigner rotation, the reduced spin state is given as
Certainly, if the initial spin states |φ k spin i lies within a certain equivalence class C, then their convex combination ρ spin ∈ C as well. Defining an entanglement class by (a) (b) Fig. 3 : Illustration of how the entanglement for different partitions transforms depending on δ. To measure entanglement we used the m-concurrence introduced in Refs. [16, 36] and optimized it using the approach from Ref. [37] . In (a) the entanglement of exemplary state (2) with momentum state (7), where
, and spin state (3) is plotted and in (b) the spin state is replaced by a W state |W = 1 √ 3
(| ↓↓↑ +| ↓↑↓ +| ↑↓↓ ). Each graph corresponds to the partition depicted in the same order on the right, where the top (red) dots represent the spins and the bottom (green) dots represent the momenta of the three particles.
Condition 1 it is evident that also
that Condition 2 is necessary and sufficient for a class of genuine multipartite entangled states to be observer independent. In the more general case of unsharp momenta the statement remains true, as the Wigner rotations are only induced by the momentum part of the system. In this case the discrete sum would change into a continuous integral over such local unitarily rotated states. This would surely make the analysis harder (although with the methods introduced in Ref. [38] it can even be done analytically in arbitrary dimensions), but the sufficiency of the condition of course remains unchanged.
The resulting conditions do not unambiguously determine the classification of multipartite entanglement. They are however a necessary criterion for physical consistency of any possible classes. Indeed the previously defined entanglement classes from Ref. [22] and the more general SLOCC classification from Ref. [25] meet this condition. In Ref. [39] the authors introduce an experimentally accessible classification scheme of multiqubit entanglement, which incorporates the one introduced in Ref. [22] , and is indeed also observer independent. In our exemplary figures we illustrate how the amount of entanglement changes through the Lorentz transformation. In Fig. 2 we plot a lower bound of a measure of genuine multipartite entanglement, which is tight in the case of GHZ states. It is based on the non-linear entanglement witness introduced in Ref. [20] and can be experimentally ascertained using only few local measurements (in the case of three qubits only 9 local measurement settings, as opposed to a full state tomography requiring 63). That it also serves as a lower bound to an entanglement measure quantifying genuine multipartite entanglement was shown in Ref. [35] . While the classification itself does not depend on any observer's knowledge of the entire state, Robert's ability to unambiguously determine the class of the reduced density matrix of the spins may. Whereas the class remains invariant for all observers, the separability properties may change, as depicted in Fig. 2 and Fig. 3 (a) and (b). In particular, if the momentum state is entangled, the reduced spin density matrix of a previously genuinely multipartite entangled state may become biseparable through the Lorentz transformation. As long as the initial state is separable with respect to spin and momentum, the entanglement of the reduced density matrix of the spins can never increase (only decrease in accordance to the main theorem of Ref. [26] ). Since biseparable states can result from convex mixtures of any class of genuinely multipartite entangled states, Robert necessarily needs to also have information about the momentum state (which allows for an unambiguous decomposition) in order to determine the class unambiguously in this case.
In conclusion we have shown which conditions have to be met for an entanglement classification scheme to be Lorentz invariant. We have further argued why knowledge of the momentum state is helpful to a complete classification of genuine multipartite entanglement of the spin state, which is not surprising, as it is well known that the reduced spin density matrix does not transform covariantly under Lorentz boosts. Nonetheless the proposed classification scheme is retaining its Lorentz invariance if the momentum state is unknown, i.e. all inertial observers will assign a given state to an entanglement class or, at most, to one of the corresponding convex subsets of this class. This provides a general framework which paves the way for entanglement classification beyond n qubits and, at the same time, imposes an intuitive physical understanding upon the distinction into different entanglement classes. * * * 
APPENDIX
The explicit form of inequality (A.1) from Ref. [20] written in terms of local spin observables for three spin- 
